We prove that the set of squared surfaces mod flips is in one-to-one correspondence with Z/2Z ⊕ H1(Σ, Z/2Z), for all closed surfaces Σ, extending previous results by W.Thurston, S.Mitchell, M.Bern, D.Eppstein, J.Erickson and the author for the case of the 2-dimensional sphere.
Introduction and statements
Cubical complexes. A cubical complex is a complex K consisting of Euclidean cubes, such that the intersection of two of its cubes is a finite union of cubes from K, and once a cube is in K then all its faces belong to K. Sometimes one might ask that identifications of faces of the same cube should not be allowed. A cubulation of a manifold is specified by a cubical complex PL homeomorphic to the manifold. These decompositions are analogous of the simplicial decompositions usually appearing in combinatorial topology.
Bi-stellar moves. Manifolds have plenty of different triangulations. Two triangulations define the same PL structure on the manifold if they admit some combinatorially isomorphic common subdivisions. Recall that there exist (topological) manifolds which have several PL structures. It is not easy to decide whether two given triangulations define or not the same structure. One difficulty is that one has to work with arbitrary subdivisions and there are infinitely many distinct combinatorial types of such. In the early sixties one looked upon a more convenient set of transformations permitting to connect PL equivalent triangulations of a given manifold. The simplest proposal was the so-called bi-stellar moves which are defined for n-dimensional complexes, as follows: we excise B and replace it by B ′ , where B and B ′ are complementary balls that are unions of simplexes in the boundary ∂∆ n+1 of the standard (n + 1)-simplex. It is obvious that such transformations do not change the PL homeomorphism type of the complex. Moreover, U.Pachner ( [21, 22] ) proved in 1990 that conversely, any two PL triangulations of a manifold can be connected by a sequence of bi-stellar moves. One far reaching application of Pachner's theorem was the construction of the Turaev-Viro quantum invariants (see [25] ) for 3-manifolds.
Habegger's problem on cubical decompositions. It is natural to wonder whether a similar result holds for cubical decompositions as well. Specifically, N.Habegger asked ( [15] , problem 5.13) the following: Problem 1. Suppose that we have two cubulations of the same manifold. Are they related by the following set of moves: excise B and replace it by B ′ , where B and B ′ are complementary balls (union of n-cubes) in the boundary of the standard (n + 1)-cube?
These moves have been called cubical or bubble moves in [9, 10] , and (cubical) flips in [3] . Notice that the flips did already appear in the mathematical polytope literature ( [4, 28] ).
The problem above was addressed in ( [9, 10] ), where we show that, in general, there are topological obstructions for two cubulations being flip equivalent.
Related work on quadrangulations. In meantime this and related problems have been approached by several people working in computer science or combinatorics of polytopes (see [3, 6, 8, 17, 23] ). Notice also that the 2-dimensional case of the sphere S 2 was actually solved earlier by Thurston (see [24] ). Observe that there are several terms in the literature describing the same object. For instance the cubical decompositions of surfaces are also called quad surface meshes while 3-dimensional cubical complexes are called hex meshes in the computer science papers (e.g. [3] ). We will use below the usual mathematical terminology, and in the case of surfaces we will call them quadrangulations, square decompositions or cubications.
Remark that there is some related work that have been done by Nakamoto (see [18, 19, 20] ) concerning the equivalence of quadrangulations of the same order by means of two transformations (that preserve the number of vertices): the diagonal slide, in which one exchanges one diameter of a hexagon for another, and the diagonal rotation, in which the neighbors of a vertex of degree 2 inside a quadrilateral are switched. In particular, it was proved that any two quadrangulations of a closed surface can be transformed into each other, up to isotopy, by diagonal slides and diagonal rotations if they have the same (and sufficiently large) number of vertices and if they define the same mod 2 homology classes.
Cubications vs immersions' conjecture. Our approach in [9] to the flip equivalence problem aimed at finding a general solution in terms of some algebraic topological invariants. Specifically, we stated (and proved half of) the following conjecture: Conjecture 1. The set of cubical decompositions of the closed manifold M n is in bijection with the elements of the cobordism group of codimension one immersions into M n .
We proved in [9] the existence of a surjective map between the two sets. The conjecture was reduced to the fact that the cubications associated to two cobordant immersions are flip equivalent.
The cobordism group of immersions. The solution of this conjecture would lead to a quite satisfactory answer to the problem. The computation of the cobordism group N (M n ) of immersions of codimension one into the manifold M n was reduced to a homotopy problem by the results of [26, 27] . These techniques are however awkward to apply if one wants to get effective results. The group P n = N (S n ) of codimension-one immersions in the n-sphere up to cobordism is the the n-th stable homotopy group of RP ∞ and they were computed by Liulevicius ([16] ) for n ≤ 9 as follows:
It is known that M 2 is a closed surface then:
Using geometric methods Benedetti and Silhol ( [2] ) and further Gini ([12] ) proved that, if M 3 is a 3-manifold, then
the right side groups being endowed with a twisted product. The result has been extended to higher dimensional manifolds in [11] .
The main result. The aim of this paper is to solve this conjecture in the case of closed surfaces. Recall that, a marked cubulation is a cubulation C of the manifold M , endowed with a PL-homeomorphism |C| −→ M of its subjacent space |C|, considered up to isotopy. If a cubical move is performed on C, then there is a natural marking induced for the flipped cubulation. Thus it makes sense to consider the set of marked cubulations mod flips.
The proof of this theorem, although elementary, uses some methods from geometric topology and Morse theory.
Remark 1.1. One can identify a marked quadrangulation with an embedding of a connected graph in the surface, whose complementary is made of squares. The theorem says that any two marked square decompositions are related by a sequence of cubical flips and an isotopy of the surface.
Outline of the Proof
Immersions associated to cubications. We associate to each marked cubulation C of the manifold M a codimensionone generic immersion ϕ C : N C −→ M (the cubical complex N C is also called the derivative complex in [1] ) of a manifold N C having one dimension less than M . Here is the construction. Each cube is divided into 2 n equal cubes by n hyperplanes which we call sections. When gluing together cubes in a cubical complex the sections are glued accordingly. Then the union of the hyperplane sections form the image ϕ C (N C ) of a codimension-one generic immersion. In the differentiable case one uses a suitable smoothing when gluing the faces. The cubulated manifold N C is constructed as follows: consider the disjoint union of a set of (n − 1)-cubes which is in bijection with the set of all sections, then glue together two (n − 1)-cubes if their corresponding sections are adjacent in M . The immersion ϕ C is tautological: it sends a cube of N C into the corresponding section. This connection between cubications and immersions appeared independently in [1, 9] but this was presumably known to specialists long time ago (see e.g. [24] ).
Surface cubications and admissible immersions. The case of the surfaces is even simpler to understand. The immersion ϕ C (N C ) is obtained by drawing arcs connecting the opposite sides for each square of the quadrangulation C and N C is a disjoint union of several circles. The immersions which arise from quadrangulations are required to some mild restrictions. First the immersion is normal (or with normal crossings), since it has only transversal double points. All immersions encountered below will be normal crossings immersions. Since we can travel from one square of C to any other square of C by paths crossing the edges of C it follows that the image of the immersion ϕ C (N C ) should be connected. On the other hand, by cutting the surface Σ along the arcs of ϕ C (N C ) we get a number of polygonal disks. An immersion having these two properties was called admissible in [9] . Further we have a converse for the construction given above. If j is an admissible immersion of circles in the surface Σ then j is isotopic to ϕ C for some quadrangulation C of Σ. The abstract complex C is the dual of the partition of Σ into polygonal disks by means of the arcs of j. Since j can have at most double points it follows that C is made of squares. In particular, we have the flips denoted by the same letters that act on immersions on surfaces. These transformations are local moves in the sense that they change just a small part of the immersion that lives in a disk, leaving the immersion unchanged outside this disk. Specifically, here are the flips action. The invariant of quadrangulations. We associate to each immersion α : L 1 → Σ of a disjoint union of circles L 1 , two independent invariants, as follows. The image α(L 1 ) ⊂ Σ is a union of curves on Σ and it can be viewed as a singular 1-cycle of Σ. We set then
Further we denote by j 2 (α) ∈ Z/2Z the number of double points of α(L 1 ) mod two, and eventually
Further we are able to define the invariant associated to quadrangulations by means of the formula:
Remark that we don't need to know that j factors through the cobordism group N (Σ) in order to define the invariant. The proof of the theorem above will follow from the following more precise statement:
Theorem 2.1. Two quadrangulations C 0 and C 1 of the closed surface Σ are flip equivalent if and only if j(C 0 ) = j(C 1 ).
Remark 2.1. Unfortunately we were not able to provide a purely combinatorial proof of this theorem, as in the case of the sphere (see [24, 9, 3] ). The proof given below will use in an essential manner the identification of H 1 (Σ, Z/2Z) ⊕ Z/2Z with N (Σ), which is of topological nature. It would be interesting to develop such a combinatorial proof in order to find whether there exists an algorithm which constructs explicitly the sequence of flips connecting two quadrangulations.
Consider then two quadrangulations C 0 and C 1 having the same invariants. The first step is to return to the language of immersions and show that:
The second step is to use the existence of a cobordism in order to produce flips and prove that:
Proposition 2.2. If ϕ 0 and ϕ 1 are admissible immersions which are moreover cobordant, then there exists a sequence of flips which connect them.
These two propositions will end the proof of the theorem. The image ϕ(F ) is an immersed surface having therefore a set of finitely many triples points that we denote by S 3 (ϕ(F )). The set S 2 (ϕ(F )) of double points of ϕ (at the target) form a one-dimensional manifold, whose closure contains the triple points. We have then a stratification of ϕ(F ) by manifolds
where R(ϕ(F )) is the set of non-singular (regular) points.
We can assume by general position that the height function h :
, when restricted to each stratum from above, is a Morse function. Remark that the immersions ϕ 0 , ϕ 1 are naturally connected by a path ϕ t of maps into Σ, as follows. The map ϕ t is the map having as image the level curve ϕ(F ) ∩ h −1 (t), viewed as a subset of Σ × {t}. This ϕ t is an immersion everywhere except when t is a critical value for h| ϕ(F ) . We shall analyze then each case that might arise.
There are the following situations when the values are not regular:
• If the slice Σ × {t} passes thru a triple point.
• If the slice Σ × {t} contains a critical point of the height restriction h| S2(ϕ(F )) , when h is restricted to the double points locus.
• If the slice Σ × {t} contains a critical point of the height restriction h| R(ϕ(F )) , to the regular locus.
Passing a triple point. We can assume (again by general position arguments) that the (finitely many triple) points have distinct heights and thus the slice Σ × {t c } contains precisely one triple points and no other critical point.
As ϕ has normal crossings singularities the local structure of ϕ(F ) around a triple point is standard, namely there exists a local diffeomorphism of a ball B centered at the triple point that sends ϕ(F ) ∩ B onto the union Π = ∪ 3 j=1 π j of the three coordinate hyperplanes π j passing through the origin in R 3 (also in a small ball). The height function h in a neighborhood of the singular point is then equivalent to a linear function L : R 3 → R. Using an arbitrary small perturbations of ϕ one can assume that Σ × {t c } is transversal to the coordinate hyperplanes π j .
Let us focus on the behaviour of the immersion ϕ t around the singular point corresponding to the value t c . Outside of a small cylindrical neighborhood of the singular point ϕ tc−ε and ϕ tc+ε are isotopic. But in the local picture ϕ tc−ε is equivalent to of L −1 (−ε) ∩ Π, and ϕ tc+ε with L −1 (−ε) ∩ Π. This implies that the local change replaces L −1 (−ε) ∩ Π with L −1 (ε) ∩ Π in a small ball. These moves are precisely one the flips b 1 , b 2 , b 3 or b 3,1 . This might be also seen by considering the behavior of the family of associated quadrangulations C t , when we cross the singular level. Recall that the quadrangulation is the complex dual to the complementary of the immersion, viewed as a partition of the surface. Thus, we have to replace the dual of L −1 (−ε) ∩ Π with the dual of L −1 (ε) ∩ Π. Now the complex dual to Π ⊂ R 3 is the boundary of the cube. It is rather clear that the change we described above is nothing but a cubical move defined by the 3-cube. (see also [9] p.689).
Critical points on the regular strata. The height function h| R(ϕ(F ) is a Morse function on a surface and thus it has critical points of three types: maximum, minimum and saddle (index one).
Passing thru a minimum point amounts to adjoin a small embedded sphere to the immersion, while a maximum point contributes with deleting a small sphere. In general, these moves can be realized by a move b 1 or its inverse, but there are more delicate cases to handle, as well. When adding a few small embedded circles to the immersion we say that we made a stabilization.
When passing thru a saddle point the immersion ϕ t changes locally around the critical point, as it is shown in the following well-known picture:
N U
This transformation will be called saddle change or move and is located in a small ball, outside of which the immersion is left unchanged.
Critical points on the double points locus. The double locus S 2 (ϕ(F )) is a 1-manifold and there exists a small open neighborhood and a diffeomorphism of the later sending ϕ(F ) into X × (0, 1), where X is the union of two coordinates axes in the plane. The critical points correspond to local extrema on an interval. By considering an explicit local model we find that the immersion ϕ t undergoes the following transformation, which will be called an X move:
L R
This means that we replace the left diagram L by the right diagram R, leaving the part of the immersion unchanged outside the small ball figured above.
Consequently, in order to establish the claim it suffices to show that any saddle move, X move or stabilization can be actually realized by means of flips. As stated, this is not always true, but a slight modification of this statement will hold true.
Saddle transformations
If ψ is an immersion we denote by ψ (0) the immersion to which we adjoin several small embedded circles which intersect nontrivially the image of ϕ and we call it a stabilization of ψ.
Consider an immersion ψ containing a small ball where it coincides with the diagram U , the left hand side in the picture of the saddle move. We denote by µ the immersion obtained by a saddle move from ψ, namely by excising U and gluing back N . Lemma 3.1. Assume that the immersion ψ is admissible. Then ψ is flip equivalent to some stabilization µ (0) of µ.
Remark 3.1. The fact that in general ψ is equivalent only with the stabilization µ (0) is not unexpected. In fact flips are preserving the admissibility and thus the connectivity of the image of the immersion. However, a saddle move might destroy the connectivity of the image, and for that reason one should add a few circles in order to restore it.
Proof. It is essential that ψ is admissible and thus the image is connected. In particular, there are several arcs of ψ which join the left arc of U to the right arc of U . These intermediary arcs are outside the small ball. However, we can choose a specific family of arcs, namely those bounding a face in the complement of the image of ψ.
We use inductively the move b 2 in order to push and slide the left arc of U across each intermediary arc, as it is shown below for the case of the first arc.
b 2
We do that until the new position of the left arc intersects the last intermediary arc. Use b 1 to create a small circle centered at the intersection point between the last intermediary arc and the right arc of U . The next step is to use the move b 3,1 once. Its support is centered at the intersection between the last intermediary arc and the small circle created at the previous step. We obtain the configuration below:
We realized half of the saddle move, namely the upper arc from N . However, the bottom arc intersects all intermediary arcs used above. We will further use the inverse moves b 2 in order to slide the bottom arc over the intermediary arcs, this time from the right side back to the left. We first use the intersections with the additional small circle and then go along the intermediary arcs as follows:
At the end we transformed the bottom arc into another arc which go along the path of intermediary arcs but lays on its upper side. Further the small additional circle can be slided outside the last intermediary arc. The face determined by the intermediary arcs is topologically a disk, since the immersion is admissible. Thus both arcs (upper and lower) can be isotoped to the position that they have in the N diagram. We obtained thus the following configuration:
This is easily seen to be µ with one small circle added.
X transformations
We denote again by ψ an immersion containing in a small ball the diagram L and by ν the result of the X transformation applied on that part of ψ.
Lemma 3.2. If ψ is admissible then ψ is flip equivalent to ν (0) .
Proof. We use b 1 to create a small circle centered at one intersection point of the arcs in L. Using next the move b 2 we can slide the two arcs from L far apart. We are able now to apply the same procedure that we used for the saddle move and get the diagram R with two additional small embedded circles as below:
Stabilized immersions are flip equivalent
Consider now two admissible immersions ϕ and ψ which are cobordant. According to our previous description of cobordisms there exist finitely many moves which can be flips, saddle or X moves which transform ϕ = ξ 1 into ξ 2 , then into ξ 3 , and do on until one obtains ξ n = ψ. 3 , which we denote by the same letter. A recurrence on the number of moves yields the claim.
We have now two admissible immersions ϕ and ψ so that ϕ is flip equivalent to a suitable stabilization of ψ.
Lemma 3.4. If ψ is admissible then ψ is flip equivalent to any stabilization ψ (0) of itself.
Proof. Let us consider a small extra circle c which intersects two arcs a and b in two points which determine an arc q of c free of other intersection points. For instance, we can take the last extra circle added by stabilization. The arcs a are b already connected by some chain of arcs a 1 , a 2 , ..., a m , since ψ is admissible. Moreover, the arcs a i , a, b and q are bounding a face of the complementary of the immersion. The essential property is that this face is a topological disk. Now, we can slide the intersection part between c ∩ a along the path a 1 , a 2 , ..., a m , b until c will intersect both a m and b as below: We can follows the same procedure for all extra embedded circles. This proves the claim.
Remark 3.2. This lemma proves also that after passing thru local minima/maxima of the regular locus of ϕ(F ) the flip equivalence class of the immersion is preserved.
This lemmas finishes the proof of the proposition 2.2.
The cobordism group of immersions in a surface
Although the computation of N (Σ) for closed surfaces is folklore we didn't find a reference addresing precisely this issue. Related results of similar nature are recorded in [5, 7] . This also follows from our computations of the cobordism groups of codimension one immersions for manifolds of small dimensions, from [11] . The proof that we give below is elementary in that it uses only basic methods and results from three dimensional topology. The proposition 2.1 can be reformulated as follows: Then φ is a proper map i.e. it sends the boundary into the boundary. Proof. The proof is a variation of that given by Hass and Hughes ( [13] ) in the case when F is closed and thus the invariant j 2 trivially vanishes.
We use a classical result that goes back to the work of Dehn, Johansson and Papakyriakopoulos concerning the Dehn lemma. This claims that any map φ : F → M is homotopic rel boundary to a proper general position map having only simple branch points. A simple branch point in the image is a point having a neighborhood homeomorphic to the cone over the bouquet of two circles (usually known as the figure eight), as pictured below: The singularities of the new map (that we denote by the same letter φ) consist of (see also [14] , p.41-42):
• finitely many triple points, each one having three points in the preimage;
• finitely many branch points, each one having one point in the preimage;
• curves of double points, which are points where the surface φ(F ) has normal crossing self-intersections. These curves are of several types: -type I curves that are either closed simple loops or joining two boundary double points of ∂φ. These curves intersect transversally at triple points; -type II curves that are either segments which join two distinct branch points or else a branch point to some boundary double point of ∂φ.
If the map φ is an immersion then there are no branch points and thus the double points of the restriction ∂φ are paired by means of the type I curves, and thus there is an even number of such double points. This establishes the necessity of our condition.
Conversely, if there is an even number of such double points, then we have a number of branch points paired together by means of type II curves and also an even number of pairs (b j , p j ) where b j is a branch points and p j is a boundary double point.
Let b 1 , b 2 being two branch points connected by a curve of type II. There exists a standard way to modify φ by means of a homotopy so that the branch points are pushed one end towards the other (see also [13] ): This is equivalent to cutting the surface ϕ(F ) along that the connecting double curve. The domain of the map will change accordingly but we can further add a small tube between the components separated by the cut, in order to recover the same surface F . In this case we can arrange that the new map φ ′ be homotopic to φ.
The other case is when we have a couple (b 1 , p 1 ) and (b 2 , p 2 ) of branch points paired with boundary double points. Choose now a segment embedded in ϕ(F ) that joins b 1 to b 2 and avoids the triple points and other branch points. We will push again the branch points towards one another along this segment until they collide and then disappear, as in the figure below: In particular φ was changed into an immersion φ ′ of a surface F ′ , which is obtained from F by adding a 1-handle. In general we cannot restore F from F ′ , without affecting the map φ ′ .
Eventually we can slightly perturb the immersion in order to become normal crossings immersions, since the later are generic.
The lemma settles our claim, because we know that j 2 (φ) = j 2 (ϕ 0 ) − j 2 (ϕ 1 ) = 0 and thus there exists an immersion Φ : F → Σ × [0, 1] extending the immersions ϕ 0 ⊔ ϕ 1 on the boundary.
Remark 4.1. It is considerably more difficult to get control on the genus of F ′ ot of the data φ, F, M . The typical result is the celebrated Dehn lemma ( [14] ).
